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Non-life pricing

Let

▶ Y ∈ R be the response of interest, e.g. claim cost

▶ X ∈ X be a covariate vector
(characteristics/rating factors/features/...)

▶ µ(X ) := E[Y | X ] be the actuarial price

Remark.
Model agnostic: use your favourite model class to describe µ(X )



Discrimination
(EU-style)



Discrimination

Definition 1
Direct discrimination: where one person is treated less
favourably, on grounds of sex, than another is, has been or would
be treated in a comparable situation;

Definition 2
Indirect discrimination: where an apparently neutral provision,
criterion or practice would put persons of one sex at a particular
disadvantage compared with persons of the other sex, unless that
provision, criterion or practice is objectively justified by a legitimate
aim and the means of achieving that aim are appropriate and
necessary;
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Discrimination

In other words:

☞ “apparently neutral” – proxy-discrimination

☞ “disadvantage” – materiality of the procedure

=⇒ “measures”



Discrimination

As before, let

▶ Y ∈ R be the response of interest, e.g. claim cost

▶ X ∈ X be non-protected characteristics

In addition, let

▶ D ∈ D be protected characteristics

▶ µ(X ,D) := E[Y | X ,D] be the best-estimate (BE) price

▶ µ(X ) := E[Y | X ] be the unawareness price

Henceforth, focus is on conditional expectations (“fair prices”)
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Discrimination

Given the above:

▶ the BE price µ(X ,D) is directly discriminatory, since it
depends on D

▶ the unawareness price µ(X ) is potentially indirectly
discriminatory

Thus, the tricky part is the situation with µ(X )
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Proxy-discrimination and discrimination-free pricing

▶ Note that µ(X ) can be re-written according to

µ(X ) =
∑
d

µ(X , d)P(D = d | X ), (1)

where
▶ µ(X ,D) describes the impact of X and D on Y
▶ P(D = d | X ) describes the dependence between X and D

▶ In order for µ(X ) to be proxy-discriminatory it is necessary
that both of the following two conditions hold:

☞ µ(X ,D) ̸= µ(X )
☞ P(D = d | X ) ̸= P(D = d), for some d
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Proxy-discrimination and discrimination-free pricing

▶ Consider the following adjusted price:

µ∗(X ) =
∑
d

µ(X , d)P∗(D = d), (2)

where P∗ is any marginal distribution of D

▶ By using P∗ instead of P in (2) any potential statistical
dependence between X and D is removed
– µ∗(X ) is (proxy) discrimination-free

▶ The discrimination-free insurance price (DFIP) µ∗(X ) from
(2) was introduced in [7], where more details are discussed

A lot can be said about DFIP, see e.g. [7, 8, 9, 10] discussing various properties, estimation, relation to notions of

algorithmic fairness, causality etc.
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Proxy-discrimination and discrimination-free pricing
Example 3.2 in [10]

Assume

▶ we have two-dimensional covariates (X ,D) according to

(X ,D) ∼ f (x , d) =
1

2

1√
2πτ2

exp

{
− 1

2τ2
(x − xd)

2

}
,

with d ∈ D = {0, 1}, x ∈ R, τ2 > 0, x0 > 0, ρ > 0, and
where we set

xd = x0 + ρd ,

where D = 0 corresponds to woman, D ∼ Bernoulli(1/2)

▶ that the conditional distribution of Y given (X ,D) is given by

Y |(X ,D) ∼ N
(
X + 20(1− D)1X∈[20,40] − 10D, 100

)



Proxy-discrimination and discrimination-free pricing
Example 3.2 in [10]
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Proxy-discrimination and discrimination-free pricing

Note the following:

▶ Eq. (2) illustrates that in order to be able to adjust for
discrimination, you need information about D!

▶ Collecting and storing data about D can be problematic in
itself (see e.g. [8])

▶ None of the above is a specific problem related to DFIP!!!



Proxy-discrimination and discrimination-free pricing

Definition 3 ([10])

A pricing functional π on X × P avoids proxy-discrimination if for
any two portfolios P,Q that satisfy P(Y | X ,D) = Q(Y | X ,D),
P(D) = Q(D) and P(X ) = Q(X ), we have

π(X ;P) = π(X ;Q)

N.B. By construction DFIP satisfies Definition 3
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Measuring proxy-discrimination



Measuring proxy-discrimination

Materiality of discrimination

▶ Given a price predictor π(X ), how can we measure
proxy-discrimination?

▶ Idea: use reference prices µ(X ,D)
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Measuring proxy-discrimination

Definition 4 ([11])

The pricing functional X 7→ π(X ) avoids proxy discrimination with
respect to µ(X ,D), if for P-almost every X we can write

π(X ) = c +
∑
d∈D

µ(X , d)vd , (3)

for some c ∈ R and v ∈ V,V := {v ∈ [0, 1]|D| :
∑

d∈D vd ≤ 1},
that do not depend on X . If π does not have that structure, we
say that it is proxy-discriminatory.



Measuring proxy-discrimination

Definition 5 ([11])

The proxy discrimination metric PD is defined as

PD(π) =
minc∈R, v∈V E

[(
π(X )− c −

∑
d∈D µ(X , d)vd

)2]
Var(π(X ))

, (4)

with the convention that if Var(π(X )) = 0, then PD(π) = 0.

Remarks.

☞ This is related to the residual variance for the constrained
regression of π(X ) on µ(X , d), d ∈ D

☞ This is a type of global sensitivity measure
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Measuring proxy-discrimination

Proposition 1 ([11])

The proxy discrimination metric PD satisfies the following
properties.

i) 0 ≤ PD(π) ≤ 1. Furthermore, for all a ∈ R, b ∈ R+ it holds
that PD(a+ bπ) = PD(π).

ii) PD(π) = 0 if and only if π avoids proxy discrimination with
respect to µ(X ,D).

iii) If π(X ) is uncorrelated with µ(X , d) for all d ∈ D, then
PD(µ) = 1.



Measuring proxy-discrimination
Example, real data in [11]
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Figure: Real data, D ∈ {1, 2, 3, 4, 5}



Summary

▶ We have discussed definitions of proxy-discrimination

▶ We have introduced a sensitivity based measure of
proxy-discrimination

▶ This measure relies on a reference model / prices

More things in the paper:

☞ How to attribute proxy-discrimination to features

☞ More on measuring algorithmic unfairness

Related research:

▶ Sensitivity measures, see e.g. [4, 3]

▶ Algorithmic fairness, see e.g. [2, 6]

▶ Causality, see e.g. [7, 1, 5]

▶ Welfare implications, regulation etc, see e.g. [12]
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Thank you for your attention!
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